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Section I 
 
10 marks 
Attempt Questions 1–10 
Allow about 15 minutes for this section. 
Use the multiple-choice answer sheet for Questions 1–10. 
 

 
1 P (x) is a polynomial of degree 4 with real coefficients. 

Which one of the following statements must be false? 
 
A. P (x) = 0 has no real roots. 

B. P (x) = 0 has one (repeated root) and two non-real roots. 
C. P (x) = 0 has one real root and three non-real roots. 

D. P (x) = 0 has four real roots. 
 
 
 
2 The complex numbers z, iz, and z + iz, where z ≠ 0, are plotted in an Argand diagram, 

forming the vertices of a triangle. 
 
 What is the area of this triangle? 
 
 A.  
 

 B.  

 
C.  

 

D.  

 
 
 

3 Which of the following is an antiderivative of  ? 

 
 A.  
 
 B.  
 
 C.  
 
 D.  
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4 The velocity vector of a 5 kg mass moving in the Cartesian plane is given by 
 

 
 

where the velocity components are measured in metres per second. 
 

During its motion, what is the magnitude of the maximum net force, in Newtons, acting on the 
mass? 

 
A. 30 
 
B. 40 
 
C. 50 
 
D. 70 

 
 
 
5 A particle travelling in a straight line has velocity v m/s at time t s. 
 

Its acceleration is given by . 
 

Its velocity is 50 m/s initially and is reduced to 3 m/s. 
Which one of the following is an expression for the time taken in seconds for this to occur? 
 

A.     B.  

 
 

C.     D.  

 
 
 

 
6 A particle is undergoing simple harmonic motion with velocity v given by 
 

v2 = 4 – (x + 1)2. 
 

Initially the particle was 1 m to the left of O moving to the right at 2 m/s.  
Which one of the following could be the acceleration a ? 

 
 

A.  
 
B.  
 
C.  
 
D.  
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SECTION 1	–	continued

Question 18
A	body	on	a	horizontal	smooth	plane	is	acted	upon	by	four	forces,	 F F F and F~ ~ ~ ~, , ,1 2 3 4 	as	shown.

The	force F~1
	acts	in	a	northerly	direction	and	the	force	 F~4

	acts	in	a	westerly	direction.

60°

60°
150°

N

EW

S

F4~

F1~
F2~

F3~

Given	that	 F = 1, F = 2, F = 4 and F = 5,~1 ~2 ~3 ~4 	the	motion	of	the	body	is	such	that	it

A.	 is	in	equilibrium.
B.	 moves	to	the	west.
C.	 moves	to	the	north.
D.	 moves	in	the	direction	30°	south	of	west.
E.	 moves	to	the	east.

Question 19
The	velocity	vector	of	a	5	kg	mass	moving	in	the	cartesian	plane	is	given	by	v i j~ ~ ~

sin cos ,t t t( ) = ( ) + ( )3 2 4 2  
where	velocity	components	are	measured	in	m/s.
During	its	motion,	the	maximum	magnitude	of	the	net	force,	in	newtons,	acting	on	the	mass	is
A.  8
B. 30
C. 40
D. 50
E. 70
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7 A particle’s displacement, x, after t seconds is represented by the equation 
 

x = 3 cos nt, 
 

where n is a real constant. 
The particle passes through the origin with a speed of  m/s. 
 
What is the period, in seconds, of the particle’s motion? 

 

 A.  

 

 B.  

 
 C.  
 

 D.  

 
 
 
8 A particle of mass m falls vertically from rest under gravity in a medium in which the 

resistance to the motion has magnitude 
 

, 
 

where v m/s is the speed of the particle and g = 9.8 m/s2 is the acceleration due to 
gravity. 
 
What is the terminal velocity of the particle? 
 
A. 400 m/s     B. 392 m/s 
 
 
C. 20 m/s      D. 19.8 m/s 

 
 
 

9 Given that z is a complex number satisfying the equation , 

 which of the following expressions is true? 
 

A.    B.  

 
 
 C.   D.  
 
  

2 3
3
p

2 3
3p

2 3p

2 3
p
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10 Which of the following best represents the complex numbers z for which Arg (z) = | z |? 
 
A.       B. 

  
 
 
 

C.       D. 
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Section II 
 
90 marks 
Attempt Questions 11-16 
Allow about 2 hours and 45 minutes for this section 
 
In Questions 11-16, your responses should include ALL relevant mathematical reasoning and/or 
calculations. 
 
 
Question 11 (15 marks) Use a SEPARATE writing booklet 
 
(a) Let  and . 
 

(i) Express uv in exponential form.        2 
 
 

(ii) If w2 = v, find all possible values of w.       2 
 
 
 
 

(b) Evaluate .          3 

 
 

 
 
 
 
(c) A quartic equation 
 

iz4 + (–3 – 7i)z3 + (21 + 17i)z2 + (–51 – 15i)z + 45 = 0 
 
 has 4 distinct roots, z1, z2, z3, and z4 which are represented by point A, B, C, and D 
 respectively. 
 It is given z1 = –3i, z3 = 3, and Im (z4) > 0 
 
 (i) Find z2 and z4.           2 
 
 

(ii) Point E represents the complex number wz3 such that ABDE forms    3 
 a parallelogram. 
 
 By sketching the points A, B, and D on an Argand diagram, or otherwise, 
 find w in the form reiθ where r > 0, and –π < θ ≤ π. 

 
 
 
 

Question 11 continues on page 7 
  

( )10 102 cos sinu ip p= - 3v i= -
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Question 11 (continued) 
 
(d) Sketch on the one diagram of the Argand diagram defined by     3 
 

 and . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

End of Question 11 
  

1 2 2z i£ + £ ( ) 3arg 4
8 8

z i p p
+ - £
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Question 12 (14 marks) Use a SEPARATE writing booklet 
 

(a) (i) Express  in partial fractions.     3 

 
 

(ii) Hence prove that .     2 

 
 

(b) Given that ω is one of the non-real roots of z3 = 1, show that, .   2 

 
 
 
(c) A student builds a device designed to safely transport a particular fragile item that needs 

to be transported by dropping the item from a fixed height.	
 

The total mass of the loaded device must be m kg and there is a parachute installed in the 

device which is designed to open after  seconds of motion. 

 
When the parachute is opened the device experiences a resistance equal to mkv N, 
where k is a positive constant and v is its speed in metres per second.  

 

It is observed that the loaded device reaches the ground and lands with a speed of  m/s 

Assume that without the parachute the air resistance of the device is negligible and that 
the acceleration due to gravity is g m/s2. 
 

 

(i) Using calculus, show that the speed of the loaded device at time    2 

is  m/s. 

 

 (ii) After the parachute has been opened show that ,    3 

for . 

 
 
 (iii) Find the time taken to reach the ground, in terms of k.     2 
 
 
 
  

2

2 2
1

1
w
w w

= -
+

1
3k

5g
6k

1
3

t
k

=

g
3k

1
321

3
ktgv e

k
-æ ö

= -ç ÷
è ø

1
3

t
k

³
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Question 13 (15 marks) Use a SEPARATE writing booklet 
 
(a) A particle moves in a straight line with acceleration a = –5ev. 
 The particle is initially at the origin with velocity 2 m/s. 
 

 (i) Show that the particle comes to rest when .    2 

 

 (ii) Show that the particle stops when .     3 

 
 (iii) Describe the motion.          1 
 
 
 
 
 
 
(b) A sequence  is such that 
 

, and , for . 

 
 

(i) Prove by mathematical induction that        3 
 

, for . 

 

(ii) Show that  for .        1 

 
 
 
 
 
 
(c) The equation of motion for a particle is given by 
 

, 

 
where n is a positive constant, x is the displacement at time t, 
and v is the velocity at time t. 
 
(i) Show that v2 = n2(A2 – x2), where A is a constant, satisfies the above equation.  1 
 
 
(ii) If the particle is initially at the origin, find the first time that the particle’s   4 

speed is half its maximum speed. 
 
 
 
  

2dv n x
dt

= -
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Question 14 (16 marks) Use a SEPARATE writing booklet 
 
(a) A particle P is projected from the origin with initial speed V m/s at an angle 45° 

above the positive x-axis. 
 
 The position vector of the particle, r (t), where t is the time in seconds after the 
 particle is projected, is given by 
 

.  (Do NOT prove this) 

 
 
(i) Show that the equation of the trajectory of P is      2 

 

. 

 
 The point of projection (the origin) is on the floor of a barn. 
 

 The roof of the barn is given by the equation y = x tan α + b, where b > 0, 
 and α is an acute angle. 

 
(ii) Show that, if the particle just touches the roof then      2 
 

. 
 
 
(iii) If this condition is satisfied, find, in terms of α, V, and g, the time after   2 
 projection at which touching takes place. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Question 14 continues on page 11 
  

( )
2

2

1
2 2

Vt

t
Vtgt

æ ö
ç ÷
ç ÷

= ç ÷
ç ÷
ç ÷- +ç ÷
è ø

r
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Question 14 (continued) 
 
(b)  

 
 

 
 

A trapezium tile, see diagram below, consists of three equilateral triangles of side 
length 1 unit. 

 
 
 

(i) Prove using induction that trapezium tiles, can fully cover the shape without  3 
any overlapping for all positive integers n. 

 
(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by  3 

these trapezium tiles, and determine, in terms of n, the number of tiles required. 
 
 
 
(c) Let OACB be a parallelogram with  and  

M is a point on OA such that . 
P is a point on MB such that , as shown below. 

 
 
 
 
 
 
 
 
 
 
 
 
 (i) Show that P lies on OC.         3 
 
 

(ii) State the ratio of length OP : PC.        1 
 
 
 

End of Question 14 
  

4
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

                      
(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 

length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these 
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0,  ʌ�  and ln x is concave for (0,  )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

                                                                 
1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

 and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i)  If 1 2,  ,   ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides, 
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �!  in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM 
inequality

                                                  1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

 for any positive real numbers 1 2, , , na a a!  and any positive integer n.    [3]

(b)  The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive 

integer n.

(i)  Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii)  Use binomial theorem to show that 2g( ) en �  for all positive integers n.    [3]

(iii)  Explain why the sequence \ ^g(1),  g(2),  g(3),  ! must tend to a limit. [2]

a trapezium tile

  

  

A B

CD
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OA a=



OB b=


1
5OM OA=
1
6MP MB=

4

AJC 2018 9820/01/18 

6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

                      
(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 

length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these 
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0,  ʌ�  and ln x is concave for (0,  )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

                                                                 
1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

 and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i)  If 1 2,  ,   ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides, 
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �!  in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM 
inequality

                                                  1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

 for any positive real numbers 1 2, , , na a a!  and any positive integer n.    [3]

(b)  The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive 

integer n.

(i)  Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii)  Use binomial theorem to show that 2g( ) en �  for all positive integers n.    [3]

(iii)  Explain why the sequence \ ^g(1),  g(2),  g(3),  ! must tend to a limit. [2]

a trapezium tile
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CD
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Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Consider the statement, where x is an integer.

‘If 2 6 5x x− +  is even, then x is odd.’

(i) Write down the contrapositive of the statement. 1

(ii) Prove the statement by proving the contrapositive. 2

(b) Let OACB be a parallelogram with OA a=



 and .OB b=




 M is a point on OA such that  

1 .
5

OM OA=
 

 P is a point on MB such that 1 ,
6

MP MB=
 

 as shown in the diagram.

A

B

O

C

M

P

b~

a~

(i) Show that P lies on OC. 3

(ii) State the ratio of lengths OP : PC. 1

(c) (i) Show that, for any integer n, 2cos .in ine e nq q q−+ =  1

(ii) By expanding ( )5 ,i ie eq q−+  show that ( )5 1cos cos5 5cos3 10cos .
16

q q q q= + +  3

(iii) Hence, or otherwise, find 52
0

cos .d
p

q q∫  2

(iv) Using the result of part (ii), solve the equation cos5 5cos3 9cos 0 for 0 .q q q q p+ + = ≤ ≤  2
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Question 15 (16 marks) Use a SEPARATE writing booklet 
 
(a) A hose situated at the origin sprays water with initial speed u m/s 

and at angle of θ to the positive x-axis. 
 
The hose sprays water to a height of 80 m. 
 
We will consider the motion of one water particle in the spray. 

 
(i) Assuming no air resistance, the position vector of the particle, ,   2 

where t is the time in seconds after the water starts to spray, is given by 
 

. (Do NOT prove this.) 

 
  Show that u sin θ = 40. 
 

 
Taking into account air resistance, the acceleration, , of a water drop is given by 
 

, 

 
 

where x and y refers to the horizontal and vertical displacement respectively 
of a water drop at time t seconds. 

 
 

(ii) Show that .     4 
 
 

(iii) Hence show that     3 

 
 
 (iv) How high does the water from the hose reach now?      1 
  Leave your answer to the nearest whole number. 
 
 
 
 
 
 
 

Question 15 continues on page 13 
 
 
 
  

( )
2

cos

5 sin

ut
r t

t ut

q

q

æ ö
ç ÷= ç ÷
ç ÷- +è ø



a


( )
0.2

10 0.2

x
a t

y

-æ ö
ç ÷= ç ÷
ç ÷- -è ø






( ) ( )0.25 50 sin 50 5 50 sinty u e t uq q-= - + - + +

10 0.25 sin 50ln
10 0.2 sin

yy y u
u

q
q

é + ùæ ö= - + + ç ÷ê ú+è øë û



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Question 15 (continued) 
 
(b) Suppose f and g are real-valued continuous functions defined on [0, a], where a > 0, 

satisfy the conditions: 
 

f (x) = f (a – x) and 
 
g (x) + g (a – x) = m, where . 

 
 

(i) Show that .      3 

 
 

(ii) Hence evaluate  .        3 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

End of Question 15 
 
 
 
 

Question 16 is over the page 
  

4

0

sin cos dxx x x
p

ó
ô
õ
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Question 16 (14 marks) Use a SEPARATE writing booklet 
 

(a) Given , where n is a non-negative integer. 

 
 (i) Show that  for n ≥ 1.       2 
 
 

(ii) Evaluate .         2 

 
 
 
 
 
 

(b) (i) Prove that , for constant a.     1 

 

(ii) Hence or otherwise, evaluate .      3 

 
 
 
 
 
 
(c) Let n be an integer, such that n ≠ 1. 
 
 
 (i) Prove that      .       2 
 
 

(ii) Let .         4 

 

 Prove that . 

 
 
 
 
 
 
 

End of paper 
 
 
  

( ) ( )
0 0

a a

f a x dx f x dx- =
ó ó
ô ô
õ õ

2 2cos sini
n n
p pa = +

1

1
1 2cot

2

n
k

k n
pa

-

=

- =å
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!"#$%&'() – continued

*+,-./01()2
A body on a horizontal smooth plane is acted upon by four forces, ~ ~1 2 3 4 as shown.

The force F~1
acts in a northerly direction and the force F~4

acts in a westerly direction.

!"#

!"#
$%"#

&

'(

)

*+,

*$,
*-,

*.,

Given that F = 1, F = 2, F = 4 and F = 5,~1 ~2 ~3 ~4 the motion of the body is such that it

34	 is in equilibrium.
54	 moves to the west.
#4	 moves to the north.
64	 moves in the direction 30° south of west.
"4	 moves to the east.

*+,-./01()7
The velocity vector of a 5 kg mass moving in the cartesian plane is given by v i j~ ~ ~

sin cos ,! ! !( ) = ( ) + ( )3 2 4 2
where velocity components are measured in m/s.
During its motion, the maximum magnitude of the net force, in newtons, acting on the mass is
34( ( "
54 30
#4 40
64 #$
"4 %$

A MN
D O
5 OP
< P

A B
D C
5 QM
< N/
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Section II Question 11 Solutions 15 Marks 

(a) Let  and . 

(i) Express uv in exponential form. 2 

( )10 102 cos sinu ip p= - 3v i= -



Question 11 (continued) 

(a) (ii) If w2 = v, find all possible values of w. 2 



56&0'+1(!77!"81('+(6&)$

"<$ ,=#26#'& * "



Question 11 (continued) 

(c) A quartic equation

iz4 + (–3 – 7i)z3 + (21 + 17i)z2 + (–51 – 15i)z + 45 = 0 

has 4 distinct roots, z1, z2, z3, and z4 which are represented by point A, B, C, and D 
respectively. 
It is given z1 = –3i, z3 = 3, and Im (z4) > 0 

COMMENT:
It appeared as though students didn’t know how to apply the sum and product of roots when the 
coefficients are complex. It also appeared that students were unfamiliar with naming quadrilaterals in 
order of its vertices. 

Some students would benefit in asking themselves the question “Does my answer(s) seem reasonable?” 
Reasonable in the sense that they are not unnecessarily complicated, as there is no need for that (from 
an examiners point of view)



Question 11 (continued) 

(c) (i) Find z2 and z4. 2 



Question 11 (continued) 

(c) (ii) Point E represents the complex number wz3 such that ABDE forms 3 
a parallelogram. 

By sketching the points A, B, and D on an Argand diagram, or otherwise, 
find w in the form reiθ where r > 0, and –π < θ ≤ π. 



Question 11 (continued) 

(d) Sketch on the one diagram of the Argand diagram defined by 3 

 and . 

End of Question 11 Solutions 

1 2 2z i£ + £ ( ) 3arg 4
8 8

z i p p
+ - £



A

x+ 1
+

B

x+ 2
+

C

x+ 3
=

3x+ 7

(x+ 1) (x+ 2) (x+ 3)

Z 1

0

3x+ 7

(x+ 1) (x+ 2) (x+ 3)
dx =

Z 1

0

µ
2

x+ 1
¡ 1

x+ 2
¡ 1

x+ 3

¶
dx

) A (x+ 2) (x+ 3) +B (x+ 1) (x+ 3) + C (x+ 1) (x+ 2) = 3x+ 7

= [2 ln jx+ 1j ¡ ln jx+ 2j ¡ 1n jx+ 3j]
= 2 ln 2¡ ln 3¡ ln 4¡ (2 ln 1¡ ln 2¡ ln 3)
= 2 ln 2¡ ln 3¡ 2 ln 2¡ 0 + ln 2 + ln 3
= ln 2

A
¡
x2 + 5x+ 6

¢
+B

¡
x2 + 4x+ 3

¢
+ C

¡
x2 + 3x+ 2

¢
= 3x+ 7

A+B + C = 0
5A+ 4B + 3C = 3
6A+ 3B + 2C = 7

①
②
③

② - 3×①
③ - 2×①

) 2A+B = 3
) 4A+B = 7

④
⑤

⑤ -④ ) 2A = 4
A = 2

sub back into ④ 
sub back into ①

) B = ¡1
) C = ¡1

2

x+ 1
¡ 1

x+ 2
¡ 1

x+ 3
=

3x+ 7

(x+ 1) (x+ 2) (x+ 3)

6HFWLRQ ,, 4XHVWLRQ 12 6ROXWLRQV 14 0DUNV

�D�



Marker's Comments: This was done well by most pupils whether or not the method above 
was used or the 'cover up' method.
Some pupils did NO work and simply stated the constants for the 
numerators. For a three mark question, one must show all their 
working. 
For pupils who got part i wrong, they needed to get the right 
solution for their equation in order to get full marks.

z3 ¡ 1 = (z ¡ 1)
¡
z2 + z + 1

¢

Marker's Comments:

The solutions to the second product are all non-real since it’s discriminant is less than zero.

!2 + !+ 1 = 0) ¡!2 = 1 + !

¡ 1

!2
=

1

1 + !
£ !

2

!2

=
!2

!2 + !3

=
!2

1 + !2
, regardless of which non-real root we choose.

This question was reasonably well done.
Many pupils used the actual non-real roots to prove this.
Most only used one of them and NOT the other. Both were needed 
if you chose to do this.



, where C is the initial velocity.

Speed is j _yj :

¯̄
¯̄ _y
µ
1

3k

¶¯̄
¯̄ =

¯̄
¯̄¡g £ 1

3k

¯̄
¯̄

=
g

3k

Since the item is dropped from a fixed height, the initial velocity is 0 m/S.

Äy = ¡g; _y = ¡gt+ C



v = j _yj; v0 =
g

3k

g + k _y =
2

3
ge

1
3¡kt

t =
1

3k
:when

whenv = ¡ _y; _y · 0:

Äy = ¡g ¡ k _y

Äy = ¡g + kv

Z
d _y

g + k _y
= ¡

Z
dt

1

k
ln jg + k _yj = ¡t+ C

ln jg + k _yj = ¡kt+ C 0

g + k _y = Ae¡kt ①

g + k
³
¡ g

3k

´
= Ae¡k

1
3k

2g

3
e
1
3 = A ②

Consider initial conditions.

Substitute ② into ① .

_y =
g

k

µ
2

3
e
1
3¡kt ¡ 1

¶

v =
g

k

µ
1¡ 2

3
e
1
3¡kt

¶



In general this question was done well with a few silly mistakes 
here and there. The intention of the question was to take the 
downward direction as positive, which makes most things 
simpler� 

Part �i� was done very well. 

6ome algebra mistakes occurred in some working or occasionally 
a pupil used incorrect boundaries. 

Part �iii� was generally done well.
Some pupils added time on at the end not realising the function 
given would give the exact time.
A number of students had algebra problems right at the very end. 
Just for this part, this was mostly ignored.

1

3
¡ kt = ¡2 ln 2

t =
6 ln 2 + 1

3k

v =
5g

6k

Marker's Comments:

when it reaches the ground.

5g

6k
=
g

k

µ
1¡ 2

3
e
1
3¡kt

¶

5

6
= 1¡ 2

3
e
1
3¡kt

) 2

3
e
1
3¡kt =

1

6

e
1
3¡kt =

1

4
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Q13 SOLUTIONS 15 Marks 
General feedback: 

• Not enough care was taken to secure the full mark in one mark problems.

• On the flip side, responses to three and four mark problems were generally
unnecessarily complicated.

~ 
A. A particle moves in a straight line with acceleration ! = −5%!.

The particle is initially at the origin with velocity 2 m/s.

I. Show that the particle comes to rest when . 2 

Solution Comment(s) 

Since : 

&'
&( = −5%!	
&(
&' =

1
−5%!

The particle comes to rest at ' = 0, so: 

( = 1
5, −%"!

#

$
&'	

= 1
5 [%

"!]$#

= 1
5 (%

# − %"$)	

= 1
5 (1 − %

"$) 

Students generally performed well on this question. 

( )21 1
5

t e-= -

dva
dt

=



A II. Show that the particle stops when . 3 

Solution Comment(s) 

Since : 

' &'&1 = −5%!	
&'
&1 =

−5%!
'

&1
&' =

'
−5%!

The particle stops at ' = 0, so: 

1 = 1
5, −'%"!

#

$
&' 

Using integration by parts: 

Trying to solve this problem using  is about as 

efficient as trying to solve 1$ = 1 using the quadratic 
formula. 

Given the setup, using  instead is a much 

simpler approach. 

2 = ' 
2% = 1 

3% = −%"! 
3 = %"! 

1 = 1
54['%

"!]$# −, %"!
#

$
&'5	

= 1
5 (−2%

"$ − [−%"!]$#)	

= 1
5 7−2%

"$ + (1 − %"$)9	

= 1
5 (1 − 3%

"$) 

III. Describe the motion. 1 

Solution Comment(s) 
Since %! > 0, ! < 0, so the acceleration of the 
particle is always decreasing. 

Furthermore, the initial velocity is positive, so it will 
move while slowing down in the positive direction 
until it reaches the maximum displacement found in 
Part II at the time found in Part I. 

After that, the particle will move in the negative 
direction while speeding up indefinitely. 

Common error(s): 
• Not mentioning the particle’s movement in

the negative direction after reaching its
maximum displacement.

• Describing the motion as SHM.

( )21 1 3
5

x e-= -

dva v
dx

=
dxv
dt

=

dva v
dx

=



B. A sequence =&, =$, ='… is such that for > ∈ ℤ(:

=& =
1
4 , =)(& = =) +

1
>(> + 1) + 2

")

I. Prove by mathematical induction that for > ∈ ℤ(: 3 

=) =
9
4 −

1
> − 2

")(&

Solution Comment(s) 
Base Case: Prove true for > = 1. 

=& =
9
4 −

1
1 − 2

"&(&

= 9
4 − 1 − 2

#

= 1
4 

Hence, true for > = 1. 

Induction Hypothesis: Assume true for > = D. 

=* =
9
4 −

1
D − 2

"*(&

Inductive Step: Prove true for > = D + 1, i.e. Prove 
that: 

=*(& =
9
4 −

1
D + 1 − 2

"(*(&)(&

= 9
4 −

1
D + 1 − 2

"*

Using the given expression for =)(& and the 
expression for =* from the induction hypothesis: 

=*(& = =* +
1

D(D + 1) + 2
"*

= 9
4 −

1
D − 2

"*(& + 1
D(D + 1) + 2

"*

= 9
4 − E

1
D −

1
D(D + 1)F − G(2 × 2

"*) − 2"*I	

= 9
4 − E

D + 1 − 1
D(D + 1) F − 2

"*(2 − 1)	

= 9
4 −

1
D + 1 − 2

"*

Hence, by the principle of mathematical induction: 

=) =
9
4 −

1
> − 2

")(&

Students generally performed well on this question. 



B. II. Show that  for > ∈ ℤ(. 1 

Solution Comment(s) 
From Part I: 

=) =
9
4 −

1
> − 2

")(&

= 9
4 − E

1
> + 2

")(&F

Recognise that  for > ∈ ℤ(, so: 

−E1> + 2
")(&F < 0

9
4 − E

1
> + 2

")(&F < 9
4

∴ =) <
9
4 

Alternatively, as > → ∞: 
1
> + 2

")(& → 0(
9
4 − E

1
> + 2

")(&F → E94F
"

=) → E94F
"

∴ =) <
9
4 

~ 

Common error(s): 

• Not mentioning the direction that

is approaching 0 from.

C. The equation of motion for a particle is given by:

&'
&( = −>$1 

where > is a positive constant, 1 is the displacement at time ( and ' is the velocity at time (. 
I. Show that '$ = >$(M$ − 1$), where M is a constant, satisfies the above equation. 1 

Solution Comment(s) 

Since : 

&
&1 E

1
2 '

$F = &
&1 4

1
2>

$(M$ − 1$)5	

= &
&1 E

1
2>

$M$ − 12>
$1$F	

= −2
2 >$1	

= −>$1 

Most students don’t seem to understand that showing 
Equation A satisfies Equation B means that you can 
start from A. 

This might explain the number of responses that tried 
to solve the problem using integration instead of 
differentiation. 

Regardless, this is a concerning trend, considering 
that students were taught how to approach this in 
ME1 exponential growth and decay problems. 

Common error(s): 
• Arbitrarily assigning the constant of

integration N to the constants M and > instead
of using the fact that 1 = M when ' = 0.

9
4nu <

11 2 0n

n
- ++ >

11 2 n

n
- ++

21
2

d dvv a
dx dt
æ ö = =ç ÷
è ø



C. II. If the particle is initially at the origin, find the first time that the particle’s speed 4 

is half its maximum speed. 

Solution Comment(s) 
Since ! = −>$1, the particle is undergoing simple 
harmonic motion. 

As the particle is initially at the origin, its equation of 
motion can be modelled by 1 = M sin >(. 

Differentiating to find the velocity: 
1̇ = M> cos >( 

The amplitude of 1̇ is M>, which is the maximum 
velocity, so: 

M>
2 = M> cos >(	

cos >( = 1
2 

Alternatively, since '$ = >$(M$ − 1$) is a concave 
down parabola translated up by >$M$ units, its vertex 
is at (0, >$M$). 

Solving '$ = >$M$ then gives the maximum velocity 
' = M>, as ' = −M> gives the minimum velocity. 

The solution then proceeds as shown previously. 

~ 

Although a fair portion of students received full 
marks, they tended to waste time by taking 
convoluted approaches. 

Common error(s): 
• Finding an expression for the displacement

instead of time.

>( = U
3 + 2DU >( = 5U

3 + 2DU

The first time that the particle’s velocity is half of its 
maximum velocity occurs in the first quadrant of the 
first revolution, so: 

>( = U
3 + 2DU

D = 0	
∴ >( = U

3
( = U

3> 

End of Question 13 Solutions 
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Question 14 (continued) 

(a) (ii) (continued)

Marking Scheme Marker’s comments 
2 marks – Correct solution 

1 mark – Correct working to obtain 

. 

- This question was not done well by many
candidates.

- Many candidates incorrectly assumed that
the slope of the roof would touch the
trajectory of the particle at the vertex, which
did not lead to the desired result.

- A significant number of candidates were
penalised for not correctly justifying or even
specifically addressing when

 , why  in

relation to the context of the question.
Candidates need to refer to solution for
proper reasoning.

- Candidates who stated α is acute and hence
why  is not entirely correct as 

when ,  

- Some candidates were incorrectly
manipulating their work to achieve the
desired result.
Candidates should ensure that if their
solution does not yield the correct result,
they should review their work rather than
“fudge” their working.

( )2
2 tan 1 0g x x b
v

a+ - + =

2
tan 1

bg
v

a - = ± tan 1 0a - <

tan 1 0a - <

4 2
p pa< < tan 1 0.a - >
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]

a trapezium tile
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]

a trapezium tile

A B

CD

www.KiasuExamPaper.com!!!"#$%&'()%*+%,-."/0*1
2

4

AJC 2018 9820/01/18

6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]
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Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Consider the statement, where x is an integer.

‘If ! " #! !− +  is even, then x is odd.’

(i) Write down the contrapositive of the statement. 1

(ii) Prove the statement by proving the contrapositive. 2

(b) Let OACB be a parallelogram with "# $=
JJJG

�
 and $"% &=

JJJG

�
M is a point on OA such that 

% $
#

"' "#=
JJJJG JJJG

P is a point on MB such that % &
"

'( '%=
JJJJG JJJJG

 as shown in the diagram.

A

B

O

C

M

P

b~

a~

(i) Show that P lies on OC. 3

(ii) State the ratio of lengths OP : PC. 1

(c) (i) Show that, for any integer n, !'() $)* )*+ + *q q q−+ = 1

(ii) By expanding ( )# &) )+ +q q−+  show that ( )# %'() '()# #'()* %+'() $
%"

q q q q= + + 3

(iii) Hence, or otherwise, find #!
+
'() $,

p

q q∫ 2

(iv) Using the result of part (ii), solve the equation '()# #'()* ,'() +-.(/-+ $q q q q p+ + = ≤ ≤ 2



Question 14 (continued) 

(b) (i) (continued) 

Marking Scheme Marker’s comments 
3 marks – Correct proof 

2 marks – Shows substantial relevant progress in  
proving the case for . 

1 mark – Establish the result for  and include  
a diagram. 

- Many candidates were not successful in
proving the n = k + 1 case.
Common issues included failing to properly
utilise the assumption in their proof, relying
on excessive and irrelevant statements or
diagrams without providing a clear and
logical argument, or demonstrating a lack of
understanding of how to approach the proof.

- Candidates are encouraged to use diagrams
as part of their proof, especially with
Mathematical Induction involving geometry.

1n k= +

1n =
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]

a trapezium tile
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]
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Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Consider the statement, where x is an integer.

‘If ! " #! !− +  is even, then x is odd.’

(i) Write down the contrapositive of the statement. 1

(ii) Prove the statement by proving the contrapositive. 2

(b) Let OACB be a parallelogram with "# $=
JJJG

�
 and $"% &=

JJJG

�
M is a point on OA such that 

% $
#

"' "#=
JJJJG JJJG

P is a point on MB such that % &
"

'( '%=
JJJJG JJJJG

 as shown in the diagram.

A

B

O

C

M

P

b~

a~

(i) Show that P lies on OC. 3

(ii) State the ratio of lengths OP : PC. 1

(c) (i) Show that, for any integer n, !'() $)* )*+ + *q q q−+ = 1

(ii) By expanding ( )# &) )+ +q q−+  show that ( )# %'() '()# #'()* %+'() $
%"

q q q q= + + 3

(iii) Hence, or otherwise, find #!
+
'() $,

p

q q∫ 2

(iv) Using the result of part (ii), solve the equation '()# #'()* ,'() +-.(/-+ $q q q q p+ + = ≤ ≤ 2



Question 14 (continued) 

(b) (ii) (continued)

Marking Scheme Marker’s comments 
3 marks – Correct explanation of why regular 

hexagon with side length of  can be 
fully covered by trapezium tiles AND  
correct solution in finding . 

2 marks – Correct explanation and shows 
some relevant progress in  
 finding n or equivalent merit. 

1 mark – Correct explanation or shows some 
relevant progress in finding n. 

- This question was not done well by many
candidates.

- Some candidates struggled to explain why
regular hexagon with side length of  can
be fully covered by trapezium tiles
especially when they struggled in proving in
part (i).

- Significant number of candidates were not
successful in finding n with some not
considering that a single trapezium consists
of 3 equilateral triangles of side length 1
unit or silly errors. Others simply struggled
to find the correct solution.

2n

n 2n
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality

1 2
1 2

n n
n

a a a
a a a

n
� � �

p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]
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Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Consider the statement, where x is an integer.

‘If ! " #! !− +  is even, then x is odd.’

(i) Write down the contrapositive of the statement. 1

(ii) Prove the statement by proving the contrapositive. 2

(b) Let OACB be a parallelogram with "# $=
JJJG

�
 and $"% &=

JJJG

�
M is a point on OA such that 

% $
#

"' "#=
JJJJG JJJG

P is a point on MB such that % &
"

'( '%=
JJJJG JJJJG

 as shown in the diagram.

A

B

O

C

M

P

b~

a~

(i) Show that P lies on OC. 3

(ii) State the ratio of lengths OP : PC. 1

(c) (i) Show that, for any integer n, !'() $)* )*+ + *q q q−+ = 1

(ii) By expanding ( )# &) )+ +q q−+  show that ( )# %'() '()# #'()* %+'() $
%"

q q q q= + + 3

(iii) Hence, or otherwise, find #!
+
'() $,

p

q q∫ 2

(iv) Using the result of part (ii), solve the equation '()# #'()* ,'() +-.(/-+ $q q q q p+ + = ≤ ≤ 2
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6 A shape ABCD is formed by taking an equilateral triangle of side length 2n  (n is a positive integer) 
and removing an equilateral triangle of side length 1 from one of its corners.  

(i) Prove using induction that trapezium tiles, each consisting of three equilateral triangles of side 
length 1 (shown above), can fully cover the shape without any overlapping for all positive 
integers n.  [5] 

(ii) Hence explain why a regular hexagon with side length 2n can be fully covered by these
trapezium tiles, and determine, in terms of n, the number of tiles required.  [4] 

7 (a) A function is concave on an interval if its second derivative is negative within the interval. 
Show that sin x  is concave for (0, ʌ)  and ln x is concave for (0, )d . [1]

If f is concave in an interval and 1 2,  ,  ,  nx x x! are elements in the interval, Jensen’s inequality
states that 

1 1

1 1f ( ) f ,
n n

i i

i i

x x
n n

� �

� ¬­� ­�b ­� ­� ­� ®
� �

and equality holds if and only if 1 2 .nx x x� � �!  You may use this result without proof. 

(i) If 1 2,  ,  ,  nș ș ș! are the interior angles (in radians) of a convex polygon with n sides,
where n is greater than or equal to 3, use Jensen’s inequality to obtain an upper bound 
for 1 2sin sin sin nș ș ș� � �! in terms of n.  [2]

(ii) By selecting a suitable function f, use Jensen’s inequality to derive the AM-GM
inequality
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p
! "

for any positive real numbers 1 2, , , na a a! and any positive integer n.    [3]

(b) The function g is defined by 0 1 2 1

1 1 1 1g( ) 1 1 1 1
2 2 2 2nn �

� ¬� ¬� ¬ � ¬­ ­ ­ ­� � � �� � � � �­ ­ ­ ­� � � �­ ­ ­ ­� � � �� ®� ®� ® � ®
" for any positive

integer n.

(i) Show that 2g( ) 1 .
n

n
n

� ¬­�� � ­� ­�� ®
[3]

(ii) Use binomial theorem to show that 2g( ) en � for all positive integers n.    [3]

(iii) Explain why the sequence \ ^g(1), g(2), g(3), ! must tend to a limit. [2]
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Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) Consider the statement, where x is an integer.

‘If ! " #! !− +  is even, then x is odd.’

(i) Write down the contrapositive of the statement. 1

(ii) Prove the statement by proving the contrapositive. 2

(b) Let OACB be a parallelogram with "# $=
JJJG

�
 and $"% &=

JJJG

�
M is a point on OA such that 

% $
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"' "#=
JJJJG JJJG

P is a point on MB such that % &
"

'( '%=
JJJJG JJJJG

 as shown in the diagram.
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(i) Show that P lies on OC. 3

(ii) State the ratio of lengths OP : PC. 1

(c) (i) Show that, for any integer n, !'() $)* )*+ + *q q q−+ = 1

(ii) By expanding ( )# &) )+ +q q−+  show that ( )# %'() '()# #'()* %+'() $
%"

q q q q= + + 3

(iii) Hence, or otherwise, find #!
+
'() $,

p

q q∫ 2

(iv) Using the result of part (ii), solve the equation '()# #'()* ,'() +-.(/-+ $q q q q p+ + = ≤ ≤ 2
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Question 15 Solutions   (continued)
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Question 15 Solutions   (continued) 
(a) (ii) Method 1 (continued)

t = 0, y = 0 

Method 2: Same start as Method 1 

( ) 0.250 sin 50tdy u e
dt
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Question 15 Solutions   (continued) 
(a) (ii) Method 2 (continued)

Now 

Comment: Many students’ work is unreadable and the setting out is hard to follow. 
It is not up to the marker to try and work out the students’ logic. 

You must present your arguments clearly 

Students should simplify at each step before continuing. 

Some students obviously didn’t read the question properly and started on the horizontal 
components of the motion. 

Students need to put in all the steps, but many found this hard with their bad setting out. 
Bad handwriting is one thing, but atrocious setting out takes all this to another level. 
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Question 15 Solutions   (continued)
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379 EXTENSION 2 MATHEMATICS

Solution

a) The equations of the motion with no air resistance Hmax = , 

Range = and y = sec2αx2 + tanαx

80!2!10 = u2sin2α ⇒   i α =  
100 =

= ⇒ ucosα = 12.5

⇒ tanα = , then α = 72038’

u = = 41.9m/s
x = ucosαt
⇒ t = = = 8s.

b) The equation of motion with air resistance: = (usinα + ln
̇

),  

x =  (1- e ),  y = ( + usinα) e – t + ( + usinα) and 

y = + ln(1- ) 

Hmax =  
   

(40 +   
   

ln
  ̇

) 

      = 53m 
y =  ( + usinα) e – t + ( + usinα) 

0 = - ( + 40)e-0.2t – t + ( + 40)
0 = -5 (50 + 40)e-0.2t –50t + 5 (50+ 40)
0 = -450e-0.2t –50t + 450
9e-0.2t = - t + 9
The intersection of the graph y = 9e-0.1t and y = - t + 9 shown on the diagram is
at t = 6.59s.
The time when the water hits the ground is 6.59s
x =  (1- e ) 
x = 62.5(1- e ) 

= 45.8m
c) The equation of the trajectory:

No air resistance: 
y = -0.32x2 + 3.2x
With air resistance: 
y = + ln(1- )

= + ln(1- ) 
y = 7.2x + 250ln(1 – 0.016x)
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Question 15 Solutions   (continued)
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6 (a) Suppose f  and g are real-valued continuous functions defined on [0, a] that 

satisfy the conditions ( ) ( )f fx a x= −  and ( ) ( )g gx a x m+ − = where m is a real 

constant.

Show that ( ) ( ) ( )
0 0

f g d f d
2

a amx x x x x=∫ ∫ . [4]   

Hence, or otherwise, evaluate 4

0
sin cos dx x x x

p

∫ . [4]

(b) > @x is defined as the largest integer that is less than or equal to x.

(i) Evaluate 1 2 3 4 100ª º ª º ª º ª º ª º+ + + + +¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼" . [2]

(ii) )ind 21 2 3 4 1nª ºª º ª º ª º ª º+ + + + + −¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼" in terms of n. [4]

[ You may use ( )( )2

1

1 1 2 1
�

n

k

k n n n
=

= + +¦ ] 
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(a) ( ) ( ) ( ) ( )
0 0

f g d f g d
a a
x x x a x m a x x= − − −ª º¬ ¼∫ ∫ /et  y a x= − , d 1

d
y
x
= −

( ) ( ) ( )
0
f g 1 d

a
y m y y= − −ª º¬ ¼∫

( ) ( )
0

f g d
a
y m y y= −ª º¬ ¼∫

( ) ( ) ( )
0 0

f d f g d
a a

m x x x x x= −∫ ∫

( ) ( ) ( )
0 0

2 f g d f d
a a
x x x m x x? =∫ ∫

( ) ( ) ( )
0 0

f g d f d
2

a amx x x x x=∫ ∫

/et ( ) 4f sin cosx x x=      and   ( )g x x= ,

then we have  ( ) ( ) ( )4f sin cosx x xp p p− = − −

( )> @ ( )4sin cos fx x x= − =

and    ( ) ( ) ( )g gx x x xp p p+ − = + − =

Hence, 4

0
sin cos dx x x x

p

∫ 4

0
sin cos d

2
x x x

pp= ∫
5

0

cos
2 5

x
p

p ª º= −« »¬ ¼
1 1

2 5 5
p ª − º§ ·= − −¨ ¸« »© ¹¬ ¼ 5

p=
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6 (a) Suppose f  and g are real-valued continuous functions defined on [0, a] that 

satisfy the conditions ( ) ( )f fx a x= −  and ( ) ( )g gx a x m+ − = where m is a real 

constant.

Show that ( ) ( ) ( )
0 0

f g d f d
2

a amx x x x x=∫ ∫ . [4]   

Hence, or otherwise, evaluate 4

0
sin cos dx x x x

p

∫ . [4]

(b) > @x is defined as the largest integer that is less than or equal to x.

(i) Evaluate 1 2 3 4 100ª º ª º ª º ª º ª º+ + + + +¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼" . [2]

(ii) )ind 21 2 3 4 1nª ºª º ª º ª º ª º+ + + + + −¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼" in terms of n. [4]

[ You may use ( )( )2

1

1 1 2 1
�

n

k

k n n n
=

= + +¦ ] 
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(a) ( ) ( ) ( ) ( )
0 0

f g d f g d
a a
x x x a x m a x x= − − −ª º¬ ¼∫ ∫ /et y a x= − , d 1

d
y
x
= −

( ) ( ) ( )
0
f g 1 d

a
y m y y= − −ª º¬ ¼∫

( ) ( )
0

f g d
a
y m y y= −ª º¬ ¼∫

( ) ( ) ( )
0 0

f d f g d
a a

m x x x x x= −∫ ∫

( ) ( ) ( )
0 0

2 f g d f d
a a
x x x m x x? =∫ ∫

( ) ( ) ( )
0 0

f g d f d
2

a amx x x x x=∫ ∫

/et ( ) 4f sin cosx x x=      and   ( )g x x= ,

then we have  ( ) ( ) ( )4f sin cosx x xp p p− = − −

( )> @ ( )4sin cos fx x x= − =

and    ( ) ( ) ( )g gx x x xp p p+ − = + − =
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Question 16 (continued) 

(i) Prove that , for constant a. 1 ( ) ( )
0 0

a a

f a x dx f x dx- =
ó ó
ô ô
õ õ
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Question 16 (continued) 

(b) (ii) (continued)



(c) Let n be an integer, such that n ≠ 1.

(i) Prove that 2 



Question 16 (continued) 

(c) (i) (continued) 



Question 16 (continued) 

(c) (ii) Let . 4 

Prove that . 

2 2cos sini
n n
p pa = +

1

1
1 2cot

2

n
k

k n
pa

-

=

- =å



Question 16 (continued) 

(c) (ii) (continued)



Question 16 (continued) 

(c) (ii) (continued)

End of solutions 
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